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\S 1 Introduction
$a>0$ $s_{1},$ $\ldots s_{n}$ , Hurwitz
:
$\zeta_{n}(s_{1}, \ldots s_{n};a)=\sum_{m:\in \mathbb{Z}}\cdot\frac{1}{(m_{1}+a)^{\epsilon 1}..\backslash (m_{n}+a)^{\epsilon_{\hslash}}}0\leq m_{1}<\cdot\cdot<m_{\hslash}$
(1.1)
$\zeta_{n}(s;a)=\zeta_{n}(s, \ldots s;a)$ (1.2)
, $\zeta_{0}(s;a)=1$ . (1.1) ${\rm Re}(s_{i})>1$
$(1\leq i\leq n)$ . $n=1$ , $\zeta_{1}(s;a)=\zeta(s;a)$ Hurwitz
$\zeta(s, a)$ , $a=.1$ , $\zeta_{n}(s_{1}, \ldots s_{n};1)$ Euler-Zagier
$\zeta_{n}(s_{1}, \ldots s_{n})$ .
(sl, . . . , $s_{n}$ ) $\mathbb{C}^{n}$ Akiyama, Egami, Tani-
gawa $([1|)$ Zhao $([10|)$ . Akiyama, Ishikawa
Hurwitz , . , Mat-
sumoto, Tanigawa Hurwitz Dirichlet
([7], [8]).
[7] , Matsumoto Hurwitz ,
Mellin-Barnes integral . [7] ,
Hurwitz (1.1)
$\zeta_{n}(s_{1}, \ldots s_{n};a)=\zeta_{n}((s_{1}, \ldots s_{n});(a,a+1, \ldots a+n-1),$ $(1, \ldots 1))$
.
Theorem 1.1 (Matsumoto [7, Theorem 1]) (1.1) Hurwitz
$\zeta_{n}(s_{1}, \ldots s_{n};a)$ $\mathbb{C}^{n}$ ,
1549 2007 138-144 138
.$s_{n}=1$ , $\sum_{i=1}^{j}s_{n-i+1}\in \mathbb{Z}\leq j(j=2,3, \ldots n)$ , (1.3)
$\mathbb{Z}\leq!$ $i$ .
Hurwitz
, $[1][3]$ 3 :
$\zeta_{n}^{R\epsilon g}(s_{1}, \ldots ,s_{n};a)=tt_{n}lim\ldots\lim_{1}\zeta_{n}(t_{1}, \ldots,t_{n};a)$
$(_{n}^{R\epsilon v}(s_{1}, \ldots,s_{n};a)=\lim_{tarrow s_{n}}$ . . . $\lim_{t_{1}arrow 1}\zeta_{n}(t_{1}, \ldots,t_{n|}\cdot a)$ (1.4)
$\zeta_{n}^{C}(s_{1}, \ldots,s_{n};a)=\lim_{\epsilonarrow 0}\zeta_{n}(s_{1}+\epsilon, \ldots s_{n}+\epsilon;a)$
regular values, reverse values, central values . $[1][3]$ Akiyama,
Egami, Tanigawa $a=1$ regular values reverse values
.
central values , $n=2,3$
. (cf. [1, \S 3, Remark 2]). , $\infty ntral$
values . , $\zeta_{n}(s;a)=\zeta_{n}^{C}(s, \ldots s;a)$
.
\S 2 The values of the multiple Hurwitz zeta func-
tion at non-positive integers
[1][3] Akiyama, Egami, Tanigawwa Euler-Zagier
regular values reverse values ,
Hurwwitz .
Theorem 2.10 $u_{1},$ $u_{2},$ $\ldots u_{n}$ ( $n\geq 2$) ,
.
$\zeta_{n}^{R\epsilon g}(-u_{1}, \ldots-u_{n};a)$





$=- \sum_{k=-1}^{u_{1}}(-u_{1})_{k}\frac{B_{k+1}}{(k+1)!}\zeta_{n-1}^{Rev}(-u_{1}-u_{2}+k,$ $-u_{3},$ $\ldots$ $-u_{n|a)}$ (2.2)
$-\zeta_{n-1}^{Rev}(-u_{1}-u_{2},$ $-u_{3},$ $\ldots$ $-u_{n1}a)+\zeta(-u_{1}|a)\zeta_{n-1}^{Rev}(-u_{2},$ $\ldots$ $-u_{n|a)}$ .




Remark 2.2 $a=1$ , (2.1) (2.2) $[1, Eq.(6)],$ $[3$ , \S 7$]$
.
, central values $n$
\acute \supset ,
.
Theorem 2.3 $s\in \mathbb{C},$ $s \not\in\{\frac{1}{u}|u\in \mathbb{Z}, 1\leq u\leq n\}$ :
$\zeta_{n}(s;a)=\frac{1}{n}\sum_{k=1}^{n}(-1)^{k+1}\zeta_{n-k}(s;a)\zeta_{1}(ks;a)$ . (2.3)
.





$\zeta(t;a)\zeta_{n-1}(s_{1}, \ldots s_{n-1}; a)=\sum_{i=1}^{n}\zeta_{n}(s_{1}, \ldots s_{i-1},t, s;, \ldots)s_{n-1}$ ; a)
$+ \sum_{j=1}^{n-1}\zeta_{\mathfrak{n}-1}(s_{1}, \ldots,s_{j-1},s_{j}+t,s_{j+1}, \ldots s_{n-1};a)$.
(2.5)
(25) $\mathbb{C}^{n}$ , (25) $\mathbb{C}^{n}$
. , . (25)
$n \zeta_{n}(s, \ldots s;a)=\zeta(s;a)\zeta_{n-1}(s, \ldots s;a)-\sum_{1=1}^{n-1}\zeta_{n-1}(s, \ldots 2^{i}s, \ldots s;a)$
, (2.5)
$\sum_{i=1}^{n-1}\zeta_{n-1}(s, \ldots 2^{i}s, \ldots s;a)=\zeta(2s;a)\zeta_{n-2}(s, \ldots s;a)-\sum_{j=1}^{n-2}(n-2(s, \ldots 3^{j}s, \ldots s;a)$
. , (2.3) .
. $\zeta_{n}(s_{1}, \ldots s_{\mathfrak{n}};a)$ possible
Theorem 1.1 , $(t_{1}, \ldots t_{n})$
$\epsilon>0$ $(t_{1}+\epsilon, \ldots t_{n}+\epsilon)$ .
$\epsilon>0$ ,
$n \zeta_{n}(s+\epsilon, \ldots s+\epsilon;a)=\sum_{k=1}^{n}(-1)^{k+1}\zeta_{n-k}(s+\epsilon, \ldots s+\epsilon;a)\zeta(ks+k\epsilon;a)$
. $ks=1$ $(k=1,2, \ldots n)$ , $\epsilonarrow 0$ Hurwitz
, (2.3) $s\in \mathbb{C},$ $s \not\in\{\frac{1}{u}|u\in \mathbb{Z}, 1\leq u\leq n\}$
. $\square$
Remark 2.4 , regular, reverse, central




Theorem 2.3 , central values
. (ii) [1, \S 3, Remark 2] .
Corollary 2.5 (i) :
$\zeta_{n}^{C}(0, \ldots 0;a)=\zeta_{n}(0;a)=\frac{(-1)^{n}}{n!}\prod_{k=1}^{n}(k+a-\frac{3}{2})$ . (2.7)
(ii) $u$ , :
$\zeta_{n}^{C}(-2u, \ldots-2u)=\zeta_{n}(-2u;1)=0$ . (2.8)










(ii) $u$ , Theorem 2.3
$n \zeta_{n}(-2u;1)=\sum_{k=1}^{n}(-1)^{k+1}\zeta_{n-k}(-2u;1)\zeta(-2ku;1)$ (2.10)
. $m$ $\zeta(-2m;1)=\zeta(-2m)=0$ , (2.10) $0$
.
142
\S 3 A generalization of Lerch’s formula
, Lerch . ,
Lerch .
Theorem 3.1 (Lerch 1894, $e.g.[9,$ $p.271]$ ) $a>0$
$\zeta’(0, a)=$ log $\frac{\Gamma(a)}{\sqrt{2\pi}}$ (3.1)
. (s; $a$ ) $\frac{d}{ds}\zeta(s;a)$ , $\Gamma(a)$ .
Theorem 2.3 Corollary 2.5 (i) , Lerch
.
Theorem 3.2 (Multiple Lerch’s formula) $a>0$
$\zeta_{n}’(0;a)=\frac{(-1)^{n-1}}{(n-1)!}\prod_{k=1}^{n-1}(k+a$ $\frac{1}{2})$ log $\frac{\Gamma(a)}{\sqrt{2\pi’}}$ $(n\geq 1)$ (32)
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